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Abstract. For Banach left and right module actions, we extend some propo- 
sitions from Lau and Ulger into general situations and we establish the rela- 
tionships between topological centers of module actions. We also introduce the 
new concepts as Lw* w-property and Rw * ui-property for Banach A — bimodule 
B and we obtain some conclusions in the topological center of module actions 
and Arens regularity of Banach algebras, we also study some factorization prop- 
erties of left module actions and we find some relations of them and topological 
centers of module actions. For Banach algebra A, we extend the definition of 
* — involution algebra into Banach A — bimodule B with some results in the 
factorizations of B* . We have some applications in group algebras. 



1. Introduction and Preliminaries 

As is well-known [1], the second dual A** of A endowed with the either Arens mul- 
tiplications is a Banach algebra. The constructions of the two Arens multiplications 
in A** lead us to definition of topological centers for A** with respect both Arens 
multiplications. The topological centers of Banach algebras, module actions and ap- 
plications of them were introduced and discussed in [6, 8, 13, 14, 15, 16, 17, 21, 22], 
and they have attracted by some attentions. 

Now we introduce some notations and definitions that we used throughout this paper. 
Let A be a Banach algebra. We say that a net (e a ) a ^j in A is a left approximate 
identity (= LAI) [resp. right approximate identity (= RAI)] if, for each a £ A, 
e a a — > a [resp. ae a — > a}. For a E A and a' £ A*, we denote by a'a and 
aa' respectively, the functionals on A* defined by (a'a, b) = (a',ab) = a'(ab) and 
(aa',b) = (a',ba) = a'iba) for all b £ A. The Banach algebra A is embedded in its 
second dual via the identification (a, a') - (a', a) for every a £ A and a' £ A*. We 
denote the set {a'a : a £ A and a' £ A*} and {aa' : a £ A and a' £ A*} by A* A 
and AA* , respectively, clearly these two sets are subsets of A*. Let A has a BAI. 
If the equality A* A = A*, (AA* = A*) holds, then we say that A* factors on the 
left (right). If both equalities A* A = AA* = A* hold, then we say that A* factors 
on both sides. Let X, Y, Z be normed spaces and m : X x Y ^ Z be & bounded 
bilinear mapping. Arens in [1] offers two natural extensions m*** and m****' of m 
from X** x Y** into Z** as following: 

1. m* : Z* x X -> Y*, given by (m*(z',x),y) = (z',m(x,y)) where x £ X, y £ Y, 
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z' e z\ 

2. m** : Y** x Z* -> X*, given by (m**(y", z'), x) = (y", m*(z', x)) where .t G X, 

y" e Y*\ z' g Z*, 

3. to*** : X** x Y** Z**, given by (m***(x", y"), z') = (x" , m**(y", z')) 
where x" G X**, y" G F**, z' 6 Z*. 

The mapping m*** is the unique extension of m such that cc" — > m***(x", y") from 
X** into Z** is weak* — to — weak* continuous for every y" G Y**, but the mapping 
y" — > m***(x", y") is not in general weak* — to — weak* continuous from Y** into Z** 
unless x" G X. Hence the first topological center of m may be defined as following 

Zi(m) — {x" G X** : y" —> m***(x" , y") is weak* — to — weak* — continuous} . 

Let now m* : Y x X — > Z be the transpose of m defined by m t (y,x) = m(x,y) for 
every a; G X and y £ Y . Then to* is a continuous bilinear map from Y x X to Z, and 
so it may be extended as above to to**** : Y** x X** — > Z**. The mapping to***** : 
X** x y** — > Z** in general is not equal to m***, see [1], if m*** = to*****, then 
to is called Arens regular. The mapping y" — > m*****(x", y") is weak* — to — weak* 
continuous for every y" G Y**, but the mapping x" — > m*****(x", y") from X** into 
Z** is not in general weak* — to — weak* continuous for every y" G Y** . So we define 
the second topological center of to as 

2(to) = {y Gi : x — y to (x ,y ) is weak —to — weak —continuous). 

It is clear that to is Arens regular if and only if Z\{rn) — X** or Z^irn) = Y** . Arens 
regularity of m is equivalent to the following 

lim lim(z', m(xt, yj)) = limlim(z', m(xi, yj)}, 

i 3 3 i 

whenever both limits exist for all bounded sequences (xi)i C X , (yi)i C Y and 
z' G Z*, see [6, 18]. 

The regularity of a normed algebra A is defined to be the regularity of its algebra 
multiplication when considered as a bilinear mapping. Let a" and b" be elements 
of A**, the second dual of A. By Goldstin's Theorem [6, P.424-425], there are nets 
(a a ) a and (6^)^ in A such that a" = weak* — Xmi a a a and b" — weak* — lim^ fyg. So 
it is easy to see that for all a' G A* , 

lim lim (a', to (a Q , = (a"b",a') 

a p 

and 

limlim(a', m(a a , bp)) = (a"ob" ,a'), 

P a 

where a"b" and a" ob" are the first and second Arens products of A**, respectively, 
see [6, 14, 18]. 

The mapping to is left strongly Arens irregular if Z\ (to) = X and to is right strongly 

Arens irregular if Zi(yn) = Y. 

This paper is organized as follows. 

a) In section two, for a Banach A — bimodule, we have 

(1) a" G Z B „ {A**) if and only if tt^**** (6', a") G B* for all b' G £?*. 

(2) F G Z B ..((AM)*) if and only if tt;***( 5 , F) G B* for all g G B*. 

(3) G G Z(a*a)*(-B**) if and only if n****(g, G) G A* A for all g G B*. 
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(4) Let B has a BAI (e a ) a C A such that e a ^ e". Then if Z\„{B**) = B** [ 
resp. Z e ». (£?**) = B**] and B* factors on the left [resp. right], but not on 
the right [resp. left], then Z B *-{A**) ^ Z l B „{A**). 

(5) B*A C wa Pi (B) if and only if AA** C Z B ..(A**). 

(6) Let 6' G B*. Then b' € wape(B) if and only if the adjoint of the mapping 
7r|(6', ) : ^4 — > B* is weak* — to — weak continuous. 

Then (a) (j3) => (7). 
If we take T G LM (A, B) and if B has a sequential BAI and it is WSC, then 
(a), (/3) and (7) are equivalent. 

b) In section three, for a Banach A — bimodule B, we define Left — weak* — to — weak 
property [=Rw*w— property] and Right — weak* — to — weafc property [=Bw*w— 
property] for Banach algebra A and we show that 

(1) If A** = a A** [resp. A** — A**a ] for some a G A and a has Rw*w— 
property [resp. Lw*w- property], then Z B "(A**) = A**. 

(2) If B** = a B** [resp. B** = B**a Q ] for some a G A and a has Rw*w— 
property [resp. Lw*w— property] with respect to _B, then Za"(B**) = B**. 

(3) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w— property], then Zb**{A**) = A**. 

(4) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w- property] with respect B, then Za*'{B**) = B** . 

(5) If a G A has Rw*w— property with respect to B, then a A** C Z B "(A**) 
and agB* C wapi(B). 

(6) Assume that AB* C wapiB. If B* strong factors on the left [resp. right], 
then A has Lw*w— property [resp. Rw*w— property ] with respect to B. 

(7) Assume that AB* C wapiB. If J5* strong factors on the left [resp. right], 
then A has Lw*w— property [resp. Rw*w— property ] with respect to B. 

c) In section four, for a left Banach A — module B, we study some relationships 
between factorization properties of left module action and topological centers of it. 

(1) Let (e a ) a C A be a LBAI for B. Then the following assertions hold. 

i) For each b' G B* , tt£(6', e a ) ^ b'. 

ii) B* factors on the left with respect to A if and only if B** has a W*LBAI 

(fia)a ^= A. 

hi) B** has a W*LBAI (e a ) a C A if and only if B** has a left unit element 
e" G A** such that e a "4 e". 

(2) Suppose that b' G wape(B). Let a" G A** and (a a ) a C A such that a a H» a" 
in A**. Then we have 

7r f (0 , a a j — >• 7r f (0 , a J. 

(3) Let B* factors on the left with respect to A. If A A** C then 

Z B -**{A**) = A**. 

(4) Let B** has a LBAI with respect to A**. Then B** has a left unit with 
respect to A**. 

(5) Let B has a LBAI with respect to A. Then we have the following assertions, 
i) B* factors on the left with respect to A if and only if for each b 1 G B*, we 
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have 7r|(6', e a ) -> b' in B*. 

ii) £? factors on the left with respect to A if and only if for each b G -B, we 
have 7r|(&, e a ) 6 in £>. 

(6) Let A has a LBAI (e a ) a C A such that e Q ^> e" in A** where e" is a left 
unit for A**. Suppose that Z\„{B**) = B** . Then, B factors on the right 
with respect to A if and only if e" is a left unit for B**. 
d) In section five, for a Banach A—bimodule B we study * — involution algebra on B** 
with respect to first Arens product with some results in the factorization in B* , that 
is, suppose that (e Q ) Q C A is a BA/ for B. Then if B** is a Banach * — involution 
algebra as A**-modulc, then B** is unital as A**-module and B* factors on the both 
side. 



2. The topological centers of module actions 

Let B be a Banach A — bimodule, and let 

tt£ : Ax B — > B and ir r : B x A — > B. 

be the left and right module actions of A on B. Then B** is a Banach A** — bimodule 
with module actions 

71-;** : A** x 5** -> B** and <** : B** x ,4** — » £?**. 

Similarly, B** is a Banach A** — bimodule with module actions 

Trf *** : A** x £T* -> £?** and tt***** : 5** x A** -> 5**. 

We may therefore define the topological centers of the right and left module actions 
of A on B as follows: 

Z A „{B**) =Z{-K r ) ={b" EB** : the map a" -*■<**(&", a") : A** -> B** 

is weak* — to — weak* continuous} 
Z B „(A**) = Zfa) = {a" e A** : the map b" tt|** (a" ' ,b") : B** -> B** 

is weak* — to — weak* continuous} 
Z A „(B**) = Z{-k\) = {b" G B** : the map a" -> yrf **(b",a") : A** -> B** 

is weak* — to — weak* continuous} 
Z%*.{A**) — Z(wl) = {a" G A** : the map b" -> vif*** (a" , b") : B** B** 

is weak* — to — weak* continuous} 

We note also that if B is a left(resp. right) Banach A — module and tti : AxJJ-> 
B (resp. 7r r : B x A —> B) is left (resp. right) module action of A on B, then B* is 
a right (resp. left) Banach A — module. 

We write ab = iri(a, b),ba = ir r (b, a), 717(0102, b) = 7^(01, a%b), ir r (b, 0102) = 7r r (6ai, 02), 
7rf(ai&',a2) = 7r|(5', 0201), ir*(b'a,b) = n*(b',ab), for all 01,02, a G A, G -B and 
b' G B* when there is no confusion. 
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Theorem 2-1. We have the following assertions. 

(1) Assume that B is a Banach left A — module. Then, a" £ Zb**(A**) if and 
only if n****(b',a") £ B* for all b' e B* . 

(2) Assume that B is a Banach right A - module. Then, b" £ Za*»{B**) if and 
only if tt****(&', 6") £ A* for all b' £ B* . 

Proof. (1) Let 6" 6 B**. Then, for every a" £ Z B ».(A**), we have 
«***(&', a"), &") = (6',7rf *(a",6")) = (7r £ "*(a", 6"), &') 

= (Tif*** (a", &"),&'} = (7rf**(6",a"),&') = (b",4**(a",b')). 
It follow that 7r;***(6',a") = wf*(a",b') £ B*. 

Conversely, let a" £ A** and let Tr****(a", b') £ B* for all 6' 6 B*. Let 
(b'a) a C B** such that ^ 6". Then for every b' £ B* , we have 

(b",irt***(b',a")) = fa****(6',a"),&") = fa***(a", &"), &')■ 
Consequently a" G 
(2) Proof is similar to (1). 

□ 

Theorem 2-2. Assume that B is a Banach A~bimodule. Then we have the following 
assertions. 

(1) F £ Z B „((A*A)*) if and only if tt|* F) £ B* for all g £ B* . 

(2) G G Z (A » A) .(B**) if and only if ir****(g, G) £ A* A for all g € B*. 

Froo/. (1) Let F G Z B .»((AM)*) and (bQ a C B** such that 6^ ^> 6". Then for 
all g £ B* , we have 

<7rr"a?,F),o = (.g^roFO - fa**M),. 9 > 

^(7rr(F,6"),fl> = ( 7 rr**(fl,F),6 // ). 

Thus, we conclude that rf***(g,F) £ {B**,weak*)* = B* . 

Conversely, let n%***(g,F) £ B* for F £ (A* A)* and g £ B*. Assume that 

b" £ B** and (b'£) a C B** such that b" a % b" . Then 

= (K,*i***(g,F)) -> <&", 7^***0?, F)} = fa***(g, F),b") 
= {nr*(F,b"),g). 

It follow that F G Z B ..((AM)*). 
(2) Proof is similar to (1). 

□ 



(i 



In the preceding theorems, if we take B = A, we obtain some parts of Lemma 3.1 
from [14]. 

An element e" of A** is said to be a mixed unit if e" is a right unit for the first Arcns 
multiplication and a left unit for the second Arens multiplication. That is, e" is a 
mixed unit if and only if for each a" e A**, a"e" = e"oa" = a". By [4, p. 146], an 
element e" of ^4** is mixed unit if and only if it is a weak* cluster point of some BAI 
(e a ) ae j in A. 

Let B be a Banach A — bimodule and a" £ A**. We define the locally topological 
center of the left and right module actions of a" on B, respectively, as follows 

Z*„(B**) = Z*„(tt*) = {b" 6 B** : ir\* *** (a", 6") = irf *{a", b")}, 
Z a „(B**) = Z a »(7r*) = {b" e B** : ^ r ***\b",a") = <**(6", a")}. 

Thus we have 

D Zl„(B**) = Z^B**) = Z(4), 

a"£A" 

f| Z a „(B**) = Z A „(B**) = Z(n r ). 

a"EA** 

Let i? be a Banach A — bimodule. We say that i? is a left [resp. right] factors with 
respect to A, if BA = B [resp. AB = B]. 

Definition 2-3. Let B be a Banach left A — module and e" £ A** be a mixed unit 
for A**. We say that e" is a left mixed unit for £?**, if 

7r;**(e",6") = 7rf***(e",6") = 6", 

for all 6" e B** . 

The definition of right mixed unit for B** is similar. B** has a mixed unit, if it has 
equal left and right mixed unit. 

It is clear that if e" e A** is a left (resp. right) unit for B** and Z e „(B**) = B**~, 
then e" is left (resp. right) mixed unit for B** . 

Theorem 2-4. Let B be a Banach A — bimodule with a (e Q ) Q such that 

e a ^ e". Then if Z\,,{B**) = B** [resp. Z e „(B**) = B**} and B* factors on the left 
[resp. right], but not on the right [resp. left], then Zb**(A**) ^ Z t B ,,(A**). 

Proof. Suppose that B* factors on the left with respect to A, but not on the right. 

Let (e a ) a C A be a BAI for A such that e a ^> e". Thus for all b' e B* there are 
a e A and a;' 6 -B* such that x'a = b' . Then for all b" e S** wc have 

(7rr*(e",6"),6'> - (e",7rf(&", 6')) = limW*(6", b'), e a ) 

a 

= \im(b",TT* e (b',e a )) = \im(b",TT* e (x'a,e a )) 
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= lim(6", tt}(x', ae a )) = lim(7r|*(6", x'), ae a ) 

= (n* e *(b",x'),a) = (b",b / ). 
Thus -K* t ** (e" ,b") — b" consequently B** has left unit A** — module. It follows that 
e" £ Z B **{A**). If we take Z B **{A**) = Z B ,,{A**), then e" e Z B ..{A**). Then the 
mapping 6" —5- 7r*****(6", e") is weak* — to - weak* continuous from B** into B** . 

Since e Q ^ e", 7^****0", e Q ) ^ 7^****0", e"). Let 6' 6 5* and {bp)p C B such that 
bp ^> 6". Since Z*„(B**) = £?**, we have the following quality 

e"), b') = lim<7r>***'(&", e Q ), &') = lim<7r****(e a , b"),b') 

a a 

= limlim(7r****(e Q ,, bp), b') = limlim(7r I ,(&«, e a ), b') 

a p a f} 

= limlim(&', 7T r (6fl, e Q )) = limlim(6',7r r (6«, e Q )} 

a fl pa 

= lim(b',bp) = (b",b'). 

Thus tt*****(6", e") = <**(&", e") = b". It follows that B** has a right unit. Suppose 
that b" 6 B** and (bp)p C B such that ^ ^ Then for all 6' € B* we have 
(b", b') = «**(&", e"), 6'} = (6",<*(e" ) 6 / )) = lim«*(e",6'),6 /J ) 

= lim(e", <(6', fy)) = Umlim«(6', bp), e„) 

pa 

= limlim(7r*(6', bp), e a ) = limlim(6', ir r (bp, e a )) 

Pa Pa 

= limlim{7r***(6 / 3, e a ),b') = limlim(6s, 7r**(e a , b')) 

a p a p 

= lim(6",7T**(e Q ,6'))- 

a 

It follows that weak — lim Q -K**{e a , b') = b' . So by Cohen factorization theorem, B* 
factors on the right that is contradiction. □ 

Corollary 2-5. Let 5 be a Banach A — bimodule and e" E A** be a mixed unit for 
B**. If B* factors on the left, but not on the right, then Z B .,{A**) ^ Z B „{A**). 

For a Banach algebra A, if e" is a left mixed unit for A**, then it is clear that 
Z\n{A**) = A**. Then by using preceding theorem, we obtain Proposition 2.10 from 
[14]. 

We say that a Banach space B is weakly complete, if for every (b a ) a C B, we have 
fe Q 4 6" in £?**, it follows that b" E B. 

Theorem 2-6. Suppose that B is a weakly complete Banach space. Then we have 
the following assertions. 

(1) Let B be a Banach left A - module and B** has a left mixed unit e" E A**. 
If v4B** C S, then £ is reflexive. 
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(2) Let B be a Banach right A- module and B** has a right mixed unit e" G ^4**. 
If Z A -\B**)A C B, then Z A -\B**) = B. 

Proof. (1) Assume that b" G B**. Since e" is also mixed unit for ^4**, there is a 

BAI (e a ) a C A for A such that e Q ^ e" . Then 7r|**(e a ,&") ^> 7r;**(e", b") = 
b" in B**. Since AB** C B, we have 7r|**(e a ,&") G B. Consequently 
Tr***(e a ,b") ^ ir* e **(e", b") = b" in B. Since B is a weakly complete, b" G B, 
and so B is reflexive. 
(2) Since b" G (B**), we have 7r;**(o", e Q ) ^ 7r r ***(6", e") = 6" in B** . Since 
Z A «(B**)A C B, 7r;**(6",e Q ) G B. Consequently we have n***(b",e a ) 4 
7T* **(&", e") = 6" in B. It follows that 6" G B, since B is a weakly complete. 

□ 



A functional a' in A* is said to be wap (weakly almost periodic) on A if the mapping 
a — > a' a from A into A* is weakly compact. The preceding definition is equivalent to 
the following condition, see [6, 14, 18]. 

For any two net (a a ) a and {bpjp in {a G A : || a ||< 1}, we have 

lim a limp(a' , a a bp) = limplim a (a! ', a a bp), 

whenever both iterated limits exist. The collection of all wap functionals on A is 
denoted by iuap(A). Also we have a' G wap(A) if and only if (a"b",a') = (a"ob",a') 
for every a", b" G A**. 

Definition 2-7. Let B be a Banach left A — module. Then, 6' G B* is said to be left 
weakly almost periodic functional if the set {7r|(o',a) : a G A, | a ||< 1} is relatively 
weakly compact. We denote by wapi(B) the closed subspace of B* consisting of all 
the left weakly almost periodic functionals in B*. 

The definition of the right weakly almost periodic functional (= wap r (B)) is the same. 
By [18], the definition of wapi{B) is equivalent to the following 

(Trf *(«",&"),&') = (4*** t (a",b"),b') 

for all a" G A** and b" G B** . Thus, we can write 

wap £ (B) = {b' G B* : *{a", b"), b') = (4* ***(o", 6"), b') 
for all a" G A**, b" G B**}. 

Theorem 2-8. Suppose that B is a Banach left A — module. Consider the following 
statements. 

(1) B* A C wap e (B). 

(2) ^L4** C Z B «(A**). 

(3) AA** C 

Then, we have (1) ^ (2) <= (3). 
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Proof. (1) (2) 

Let (b'Dc C 5** such that b£ ^> &". Then for all a € A and a" 6 A**, we have 
(ir e (aa ,b a ),b) = {aa ,n e (b a ,b)) = {a ,n e (b a ,b)a) 

= (a",nr(K,b'a)) = (^V ',&£), fa) -> (^(a" ,b"),b'a) 
= (7r f (aa ,o ), o ). 

Hence aa" G Z B ..(A**). 

(2) (1) 

Let a € A and b' £ B* . Then 

{irl**{a",b"),b'a) = {a%T*{a" ',b"),b') = (Tr* e **(aa", b"), b 1 ) 

= <^****(aa", &"),&') = {Tr\*** t {a",b"),b'a). 

It follow that b'a G wape(B). 

(3) =► (2) 

Since AZ B ,* ((A* A)*) C proof is hold. □ 

In the preceding theorem, if we take B = A, then we obtain Theorem 3.6 from [14] 
and the same as preceding theorem, we can claim the following assertions: 
If B is a Banach right A — module, then for the following statements we have 
(1) (2) <= (3). 

(1) AB* C wap r (B). 

(2) AM C Z B ..(A**). 

(3) A*A C Z B ..((AM)*)A 

The proof of the this assertion is similar to proof of Theorem 2-8. 

Corollary 2-9. Suppose that B is a Banach A — bimodule. Then if A is a left [resp. 
right] ideal in A**, then B*AC wap e (B) [resp. AS* C wap r (B)]. 



Example 2-10. Suppose that 1 < p < oo and q is conjugate of p. We know that if 
G is compact, then L 1 (G) is a two-sided ideal in its second dual of it. By preceding 
Theorem we have L«(G) * L l (G) C wap e (LP(G)) and L 1 (G) * L 9 (G) C wap r (LP(G)). 
Also if G is finite, then L q (G) C wape(L p (G))Dwap r (L p (G)). Hence we conclude that 

Z LHG) „(If(G)**) = V{G) and Z LP{G) »{L l {GT*) = L\G). 

Theorem 2-11. We have the following assertions. 

(1) Suppose that B is a Banach left A — module and b' G B*. Then b' G wapi(B) 
if and only if the adjoint of the mapping 7r|(6', ) : A — > B* is weak* — to—weak 
continuous. 

(2) Suppose that B is a Banach right A — module and t' e B*. Then b' G wap r (B) 
if and only if the adjoint of the mapping 7r* (6', ) : B — > A* is weak* — to— weak 
continuous. 
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Proof. (1) Assume that b' £ wape(B) and 7rf (&', )* : 5** ->■ A* is the adjoint of 
7r|(6', ). Then for every 6" G £?** and a G A, we have 

«(&', )*6 // ,a) = (6", 7 rK6',a)}. 

Suppose (&£) a C B** such that 6^ ^> 6" and a" £ A** and (a^ C A such 
that a^g a". By easy calculation, for all y" £ B** and y' £ B* , we have 

Since b' £ wape{B), 

(*r m (a"X),l/) -»• «*>",&"),&')• 
Then we have the following statements 

hm(a",^(6', )*JS>=lim(o",7rr(i2.iO) 

a a 

= lim(^***(a",^),&') = (7rr*(a", b"),b') 

a 

= (a",^(b', )*b"). 

It follow that the adjoint of the mapping 7r|(6', ) : A — > B* is weak* — to — 
weak continuous. 

Conversely, let the adjoint of the mapping 7r?(6', ) : A —> B* is weak* — to — 

weak continuous. Suppose (b'^) a C 5** such that 6^ ^» &" and b' £ B* . Then 
for every a" £ A**, we have 

a a 

= hm< a 'W(6', )*0 = <«'W(^ )*&") = (^(a", b"), b'}. 

a. 

It follow that V £ wape(B). 
(2) proof is similar to (1). 

□ 

Corollary 2-12. Let A be a Banach algebra. Assume that a' G A* and T a i is the 
linear operator from A into A* defined by T a >a = a' a. Then, a' £ wap(A) if and only 
if the adjoint of T a i is weak* — to — weak continuous. So A is Arens regular if and 
only if the adjoint of the mapping T a m = a' a is weak* — to — weak continuous for 
every a' £ A*. 



3. Lw*u;-property and i?w*u;-property 

In this section, we introduce the new definition as Left — weak* — to — weak property 
and Right — weak* —to— weak property for Banach algebra A and make some relations 
between these concepts and topological centers of module actions. As some conclu- 
sion, for locally compact group G, if a £ M(G) has Lw*w— property [rcsp. Rw*w— 
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property], then we have L 1 (G)***a ^ L 1 (G)** [resp. a*L 1 (G)** ^ L 1 (G)**], and also 
we have Z L i {G) „ (M(G)**) ^ M(G)** and Z M(G) .. (L^G)**) = L^G). For a finite 
group G, we have Z M(G) .. (L^G)**) = L 1 (G)** and Z L i (G) .. (M(G)**) = M(G)**. 

Definition 3-1. Let B be a Banach left A — module. We say that a G A has 
Le/i — weak* — to — weak property (= Lw*w— property) with respect to B, if for 

all (b' a ) a C B*, ab' a ^> implies ab' a — > 0. If every a £ A has Lw*w— property 
with respect to B, then we say that A has Lw*w— property with respect to B. The 
definition of the Right — weak* — to — weak property (— Rw*w— property) is the 
same. 

We say that a € A has weak* — to — weak property (— w*w— property) with respect 
to B if it has Lw*w— property and Rw*w— property with respect to B. 
If a G A has Lw*w— property with respect to itself, then we say that a G A has 
Lw*w— property. 

For preceding definition, we have some examples and remarks as follows. 

a) If B is a Banach A-bimodule and reflexive, then A has w*w— property with respect 
to B. Then we have the following statencnts for group algebras. 

i) i 1 (G), M(G) and A(G) have w*w— property when G is finite. 

ii) Let G be locally compact group. L l {G) [resp. M(G)] has w*w— property [resp. 
Lw*w— property ] with respect to L P {G) whenever p > 1. 

b) Suppose that B is a Banach left A — module and e is left unit element of A such 
that eb = b for all b G B. If e has Lw*w— property, then B is reflexive. 

c) If S is a compact semigroup, then C + (S) = {/ G C(S) : / > 0} has w*w— property. 

Theorem 3-2. Suppose that B is a Banach A — bimodule. Then we have the 
following assertions. 

(1) If A** = a A** [resp. A** = A**a Q ] for some a G A and a has Rw*w— 
property [resp. Lw*w— property], then Zb**{A**) = A**. 

(2) If B** = a B** [resp. B** = B**a ] for some a G A and a has Rw*w- 
propcrty [resp. Lw*w— property] with respect to B, then Za**(B**) = B** . 

Proof. (1) Suppose that A** = a A** for some a G A and a has Rw*w— 

property. Let (b'^) a C 5** such that 6^ ^ 6". Then for all a G A and 
b' e B*, we have 

<7rr(&£,&V) = <&'>;(6',a)> -> (6",7r|(6',a)) = <7rf (6", &'), a), 

it follow that 7r|*(^,6') ^> 7r;*(6",l/). Also we can write 7r|*(6^6')ao ^ 
7r|*(6", 6')a . Since a has Rw*w- property, 7r|*(&„, &')a A 7r|*(6", &') a o- 
Now let a" G A**. Then there is x" G A** such that a" = a x" consequently 
we have 

(nr*(a"X),V) = (a",nrK,b')) = (x", n* e * 6>o> 
^(x",7rr(&",6 , )ao) = (7rr(a",^),6'). 
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We conclude that a" G Zb—{A**). Proof of the next part is the same as the 
preceding proof. 

(2) Let B** = aoB** for some ag G A and ao has Rw*w— property with respect 

to B. Assume that (a„) a C A** such that o!' a a". Then for all b G B, wc 
have 

(7r* r *K,b'),b) = («(&', 6)) -> (o",<(6',6)> = «>",&'),&>■ 

We conclude that 7r**(a^,6') ^> 7r**(a",6') then we have 7r**(a^, &') a o ^> 
7r**(a", b')ao- Since ao has Rw*w— property with respect to -B, 7r**(a^, 6')ao — > 
7r r **(a",6')ao- 

Now let b" G B**. Then there is x" G B** such that 6" = a x" . Hence, we 
have 

<7r r ***(6", <),&') = <&Vr(0')> = (a x",<(a^6')) 

= (C&>o> -> (z", <*(<*", &')ao) - (&",<* (a", b')) 

= (n* r **(b",a"),b'). 

It follow that b" G Z^** (B**). The next part is similar to the preceding proof. 

□ 

Example 3-3. 

(1) By using Theorem 2-3, for locally compact group G, if a G M(G) has Lw*w— 
property [rcsp. Rw*w— property], then we have L 1 (G)** *a / L 1 (G)** [resp. 
a * L 1 (G)** ^ L 1 (G)**]. 

(2) If G is finite, then by Theorem 2-3, we have Z M{G) „(L X (G)**) = L l {G)** 
and Z L i {G) „(M(G)**) = M{Gf*. 



Theorem 3-4. Suppose that B is a Banach A — bimodule and A has a BAZ". Then 
we have the following assertions. 

(1) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w- property], then Z B *'{A**) = A**. 

(2) If B* factors on the left [resp. right] with respect to A and A has Rw*w— 
property [resp. Lw*w~ property] with respect B, then Za"(B**) = B** . 

Proof. (1) Assume that B* factors on the left and A has Rw*w— property. Let 

(K)a C B** such that b" a ^ b". Since B* A = B*, for all b' G B* there are 
x G A and y' G -B* such that &' = y'x. Then for all a 6 A, we have 

(^e*( b 'a,y')x,a) = {K^Ky ,a)x) = (n%*(ba,b'),a) 

= K,n* e (b',a)) -> (&",<(&', a)) = (vrf (&", «)• 

Thus, we conclude that 7r|*(&'^, y')x ^> ir^;* (b" ,y')x. Since A has Rw*w— 
property, TT**(b'^y')x ^ (n**(b", y')x. Now let a" G A**. Then 

«*V'X),&'> = (aVr (00) = (a",7rr(6^y / » 
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-+ (a", Trf (b", y')x) = b"),b'). 
It follow that a" G Z B >*(A**). 

If B* factors on the right with respect to A, and assume that A has Lw*w— 
property, then proof is the same as preceding proof. 

(2) Let B* factors on the left with respect to A and A has Rw*w— property with 

respect to B. Assume that (a^) a C A** such that a" a ^> a". Since B* A = B*, 
for all b' e B* there are x G A and y' G B* such that b' = y'x. Then for all 
b G B, we have 

(n**(a'a,y')x,b) = (n**(a^,b'),b) = (a^,n*(b' ,b)) 
= {a",K(b',b)) = W*(a",y'>,b}. 

Consequently 7r**(a^, y')x 7r**(a", y')x. Since A has Rw*w— property with 
respect to B, n**(a'^,y')x ^ n**(a", y')x. It follow that for all b" G B** , we 
have 

(7r r (6 ,a a ),b) = {b )7 r r {a a ,y)x) ->■ {b ,n r (a ,y Jx) 

= «**(&", a"), f). 
Thus we conclude that fe" G 

The proof of the next assertions is the same as the preceding proof. 

□ 

Theorem 3-5. Suppose that B is a Banach A—bimodule. Then we have the following 
assertions. 

(1) If a e A has Rw*w— property with respect to B, then a A** C Z B ,*(A**) 
and ao-B* C wapi(B). 

(2) If a 6 A has Lw*w— property with respect to B, then A**a C Z B -"{A**) 
and B*ao C wapi(B). 

(3) If a G A has Rw*w- property with respect to B, then a i?** C Za**{B**) 
and -B*ao C wap r {B). 

(4) If a G A has Lw*w~ property with respect to B, then B**a C Z^.. (£?**) 
and aoi?* C wap r (B). 

Proof. (1) Let C 5** such that ^> 6". Then for all a G A and 6' G B*, 

we have 

(^(CO^a) = {■nT{b'L-,b'),a Q a) = (b'^, n^(b', a a)) 

-> (&",<(&', a a)> = (vr,** (b", 6')«o, a)- 

It follow that TTg*(b'^,b')a ^> 7r|*(6", 6')a . Since a has Rw*w- property 
with respect to £?, 7r|*(6'^, 6')a A 7r|*(6", 6')a . 

We conclude that a a" G Z B **(A**) so that a Q A** G Z B *.(vl**). Since 
7r;*(6",6')ao = ir}* (b" , b' a ) , a B* C wap e (B). 

(2) proof is similar to (1). 
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(3) Assume that (a£) a C A** such that a!' a A a". Let b £ B and b' £ B* . Then 
we have 

(K*( a a> b ') a o,b) = (7r;*(a^,6'),a 6) = (a'^n*{b' ,a b)) 

-> (a",<(6',a 6)> = «*(a", 6')ao, 6). 

Thus we conclude n**(a'^,b')ao — > 7r**(a", b')ao. Since ao has Rw*w~ prop- 
erty with respect to 5, 7r**(a^, 6')a A n**(a",b')ao. If 6" £ 5**, then we 
have 

(7r r (a o ,a a ),b ) = (a & , 7r r (a a ,b )} = {b ,n r (a a ,b )a ) 

= (b",Tr* r *(a^b')a ) = «**(a &", a"), &')• 
It follow that a 6" G Za« (#**)■ Consequently we have a B** £ Z A *.(B**). 
The proof of the next assertion is clear. 

(4) Proof is similar to (3). 

□ 



Theorem 3-6. Let B be a Banach A — bimodule. Then we have the following 
assertions. 



(1) Suppose 



limlim(6a, b a ) = limlim(6a, b a ), 

a f3 p (3 a p 



for every (b a ) a C B and (b'g)p C £?*. Then A has Lw*w— property and 
Rw*w— property with respect to B. 

(2) If for some a £ A, 

limlim/a&a, b a ) = limlim(a&' s , b a ), 

a p p a p 

for every (b a ) a Q B and (b'g)p C B* , then a has Rw*w— property with 
respect to B. Also if for some a £ A, 

limlim(6aO, b a ) = limlim(6oa, b a ), 

a f) p j3 a p 

for every (b a ) a C i? and (b'a)/3 C £?*, then a has Lw*w— property with 
respect to £>. 

Proof. (1) Assume that a £ A such that ab' p % where (6^)^ C B*. Let 6" e B** 
and (6 a )o, C I? such that b a ^> 6". Then 

lim(o", abg) = limlim(o Q , ab s ) = limlim(ao' s , b a ) 

[3 p /3 a p /3 a p 

= limlim(a6a, b a ) = 0. 

a (3 p 

We conclude that ab'o A 0, so A has Lw*w— property. It also easy that A 
has Rw*w— property. 
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(2) Proof is easy and is the same as (1). 

□ 



Definition 3-7. Let B be a Banach left A — module. We say that B* strong factors 
on the left [resp. right] if for all (b' a ) a C B* there are (a a ) a C A and b' G B* such 
that b' a = b'a a [resp. b' a = a a b'] where (a a ) a has limit the weak* topology in ^4**. 
If B* strong factors on the left and right, then we say that B* strong factors on the 
both side. 

It is clear that if B* strong factors on the left [resp. right], then B* factors on the 
left [resp. right]. 



Theorem 3-8. Suppose that B is a Banach A — bimodule. Assume that AB* C 
wapgB. If B* strong factors on the left [resp. right], then A has Lw*w— property 
[resp. Rw*w— property ] with respect to B. 

Proof. Let (b' a ) a C B* such that ab' a ^> 0. Since B* strong factors on the left, there 
are (a a ) a C A and b' € B* such that b' a = b'a a . Let 6" £ B** and (bp)p C B such 

that bp ^ b". Then we have 

lim(6",a&^) = limlim(bg, ab' a ) = limlim(afe^, bp) 

a a p a p 

= lim lim (a6'a Q , bg) = limlim(a6', a a ba) 

a p a p 

= limlim(a6', a a bp) = limlim(a6^, bp) = 

Pa pa 

It follow that ab' H> 0. □ 



Problems . 

(1) Suppose that B is a Banach A — bimodule. If B is left or right factors with 
respect to A, dose A has Lw*w— property or Rw*w— property, respectively? 

(2) Suppose that B is a Banach A — bimodule. Let A has Lw*w— property with 
respect to B. Dose Z B ..{A**) = A**? 



4. Factorization properties and topological centers of 
left module actions 



Let B be a left Banach A — module and e be a left unit element of A. We say 
that e is a left unit (resp. weakly left unit) A — module for B, if 7r^(e, b) = b (resp. 
(&', 7r^(e, b)) = (b',b) for all b' £ B*) where b € B. The definition of right unit (resp. 
weakly right unit) A — module is similar. 

We say that a Banach A — bimodule B is a unital A — module, if B has left and right 
unit A — module that are equal then we say that B is unital A — module. 
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Let B be a left Banach A — module and (e Q ) Q C A be a LAI [resp. weakly left 
approximate identity (=WLAI)] for A. We say that (e a ) a is left approximate identity 
(= LAI)[ resp. weakly left approximate identity (-WLAI)] for B, if for all b E B, 
7r^(e a , b) — ► b ( resp. 7r^(e a , 6) A 6). The definition of the right approximate identity 
(= i?Af)[ resp. weakly right approximate identity (= WRAI)] is similar. 
(e a )a C ^4 is called a approximate identity (= AI)[ resp. weakly approximate identity 
(WAZ - )] for B, if B has the same left and right approximate identity [ resp. weakly 
left and right approximate identity ]. 

Let (e a ) a C A be weak* left approximate identity for ^4**. We say that (e a ) a is 
weak* left approximate identity as A** — module (= W* LAI as A** — module) for 

£?**, if for all 6" G B** , we have 7r"*(e Q , b") ^> 6". The definition of the weak* right 
approximate identity (= W* RAI ) is similar. 

(e a )a C A is called a weak* approximate identity (= W* AI ) for B** . if £?** has the 
same weak* left and right approximate identity. 

Let B be a Banach A — bimodule. We say that B is a left [resp. right] factors with 
respect to A, if BA = B [resp. AB = B]. 

Theorem 4-1. Let B be a Banach left A — module and (e a ) a C A be a LBAI for 
£?. Then the following assertions hold. 

(1) For each b' E _B*, we have 7r|(&',e a ) ^» &'. 

(2) _B* factors on the left with respect to A if and only if B** has a W*LBAI 
(e a ) a C A. 

(3) -B** has a W*LBAI (e a ) a C ^4 if and only if has a left unit element 
e" G A** such that e Q ^> e". 

Proo/. (1) Let b E B and 6' G B*. Since | (V ,n e {e a ,b) \<\\ b' \\\\ nt(e a ,b) \\, we 
have the following equality 

lim(7r|(6', e a ), b) = lim(6', ir e (e a , b)) =0. 

a a 

It follows that 7r| (fo', e a ) ^> 0. 
(2) Let -B* factors on the left with respect to A. Then for every b' E B* , there 
are x' E B* and a E A such that 6' = x'a. Then for every 6" G B** , we have 

<7rr*(e Q ,6'V') = (e«, 6')) - (b" ,b'),e a ) 

= (b", 7r| (&', e„)} = (b",nt(x'a, e a )) = (6", 7r| (a;', ae a )} 

= (7r c **(6",a;'),ae Q } -)• {tt £ **(6", x'), a) 

= <&",&')■ 

It follows that 

n* t **{e a ,b") w ^b", 
and so B** has W*LBAI. 

Conversely, let b' E B* . Then for every 6" G £?**, we have 
(b",TT*t(b',e a )) = {n***(e a ,b"),b') -> (6", 6'}. 
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It follows that 

n e {b ,e a )-tb, 

and so by Cohen factorization theorem, we are done. 
(3) Assume that B** has a W*LBAI (e a ) a C A. Without loss generality, let 
e" £ A** be a left unit for A** with respect to the first Arens product such 
that e a ^> e" . Then for each b' £ B* , we have 

(nr*(e",b"),b') = (e",7rr(b",b')) 
= lim(e Q , 7rf (&", b 1 )) = \im{rf* {b" , b'),e a ) 

a a 

= lim(6",<(6',e Q )) = lim(7rf**(&', e a ), b") 

a a 

= lim(6',<**(e Q ,&")) = lim«**(e Q , &"),&') 

a a 

= (b",b'}. 

Thus e" £ A** is a left unit for B**. 

Conversely, let e" <E A** be a left unit for B** and assume that e Q ^> e" in 
A**. Then for every 6" <E B** and b' £ B*, we have 

(7r;**(e a ,6").6 / > = <e a ,7r;*(6",6')) 

(e",7rf(6",6')) = WV, &")> & ') 
= <&",&'>■ 

It follows that 7r|**(e Q ,6") ^ 6". 

□ 



Corollary 4-2. Let 5 be a Banach left A - module and A has a BLAI. If £?** has 
a W*LBAI , then 

{a" G A** : Aa" CA}C 

Proof. By using the preceding theorem, since B** has W*LBAI, B* factors on the 
left with respect to A. Suppose that b 1 £ B* . Then there are x' £ B* and a £ A 
such that b' = x'a. Assume that a" £ A** such that Aa" C A. Let 6" e B** and 

(&a)a C £?** such that b" a ^> 6" in B**. Then we have the following equality 
lim(7r;*V,^),&') = \^T*{a",bl),x'a) 

a a 

= \im{a^**(a",b'^,x') = M"*{aa", b"), x') = (it}** (a" ,b"),b'). 

a 

It follows that a" £ Zb"(A**). □ 
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In the preceding corollary, if we take B = A, then we have the following conclusion 
{a" G A** : Aa" Ci}C Z 1 (A**). 

Theorem 4-3. Let B be a Banach left A — module and suppose that b' € wapi(B). 
Let a" G A** and (a Q ) Q C A such that a Q ^» a" in A**. Then we have 

7T^ (o , a a ) — ^ 7r £ (b ,a ). 

Proof. Assume that b" G B**. Then we have the following equality 

(7rJ***(6',o"),6") = (ir^ia" ,b"),b') =lim(7rr* (a a ,b"),b') 

a 

= lim(b", 7r£(6', a a )). 

a 

Now suppose that (M)/3 C B** such that &^ ^> 6". Since 6' G wapi(B), we have 

(tt £ (b ,a ),bp) = {-K t {a ,b p ),b) ->■ (tt^ (a ,6), 6) 

= (Trf **(6',a"),6">. 
Thus 7r f ****(6',a") G {B**,weak*)* = B*. So we conclude that 

*2Q/,a a ) ^ 7r £ ****(&',a") in £T*. 

□ 

In the preceding corollary, if we take B = A, then we obtain the following result. 
Suppose that a' G wap(A) and a" G A** such that a a ^ a" where 
(a a ) a C A. Then we have a'a a —> a'a" . 

Theorem 4-4. Let B be a Banach left A — module and it has a BLAI (e a ) a C A. 
Suppose that 6' G wapi(B). Then we have 

w e (b , e a ) 6 . 

Proof. Let 6" G 5** and (fyj)^ C B such that 6^ ^ b" in B**. Then for every 
b' G wapi(B), we have the following equality 

lim(6", TTg{b', e a )) = lim(7r|***(&', e a ), b") 

a a 

= ]im{b',%i**(e a ,b")) = rim«**(e Q , &"),&') 

a a 

= limlim(7r f (e a , bp), b') = limlim(7r<>(e Q , bp), b') 

a f! pa 

= lim(bp,b') = (b",b'). 

It follows that 

7r?(6',e Q ) 4 b'. 

□ 



1!) 



Corollary 4-5. Let B be a Banach left A — module and it has a BLAI (e Q ) Q C A. 
Suppose that wape(B) = B* . Then B* factors on the left with respect to A. 

Corollary 4-6. Let A be an Arcns regular Banach algebra with LBAI. Then A* 
factors on the left. 

Example 4-7. i) Let G be finite group. Then we have the following equality 

M{G)*L 1 (G) = M(G)* and L°°(G)L l (G) = L°°{G). 

ii) Consider the Banach algebra (i 1 , .) that is Arens regular Banach algebra with unit 
element. Then we have £°° I 1 = £°°. 

hi) Let fC(E) be a compact operators from E into E. Let E = £ p with p S (1, oo). 
Then by using [6, Theorem 2.6.23] and [19 , Example 2.3.18] , K{l p ) is Arens regular 
and amenable, respectively. Since JC(£ P ) is amenable, by using [19 , Proposition 2.2.1], 
1C(£ P ) has a BAI. Therefore by preceding corollary, JC(£ P )* factors on the left. 

Theorem 4-8. Let B be a Banach left A — module and B* factors on the left with 
respect to A. If AA** C Z B *.(A**), then Z B „{A**) = A**. 

Proof. Let b" G B** and (V£) a C B** such that b£ ^ b" in B**. Suppose that 
a" G A** . Since B* factors on the left with respect to A, for every 6' G B* , there are 
x' G B* and a G A such that b' = x'a. Since aa" G Z B ,*(A**), we have 

= [a-Kf (a ,b a ),x ) = {aa,b a ),x) 

—> {7r £ [aa , b ), x ) = {tt £ (a , b J, b }. 

It follows that 

and so a" G Z B .,(A**). □ 

Corollary 4-9. Let A be a Banach algebra and A* factors on the left. If AA** C 
Zi(A**), then A is Arens regular. 



Theorem 4-10. Let B be a Banach left A — module and B** has a LBAI with 
respect to A**. Then B** has a left unit with respect to A**. 

Proof. Assume that (e„) Q C A** is a LBAI for B**. By passing to a subnet, we may 

suppose that there is e" G A** such that e" a ^> e" in A**. Then for every b" G B** 
and 6' G S*, we have 

(■Kt**(e",b"),b') = (e",7rr (OO) = hm^, Trf (&", &')> 
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= )im(nr*K,b'% b') = (b", b>). 

a 

It follows that 71-;** (e", b") = b" . □ 

Corollary 4-11. Let A be a Banach algebra and A** has a LBAI. Then ^4** has a 
left unit with respect to the first Arens product. 

Theorem 4-12. Let B be a Banach left A — module and it has a LBAI with respect 
to A. Then we have the following assertions. 

(1) B* factors on the left with respect to A if and only if for each b' £ B* , we 
have 7r|(6', e a ) 6' in B*. 

(2) I? factors on the left with respect to A if and only if for each b £ B, we have 
7r|(6, e Q ) — ^ 6 in £?. 

Proof. (1) Assume that 2?* factors on the left with respect to A. Then for every 
b' £ B*, there are a;' £ B* and a 6 A such that b' = x'a. Then for every 
b" £ B**, we have 

(6",7r|(6 / ,e a )) = (b",TTg(x'a,e a )) = (b", n%(x', ae a )) 

= {nr(b",x'),ae a ))^(TT* i *(b",x'),a) 

= (b",b'). 

It follows that 7r;0',e Q ) A 6' in S*. The converse by Cohen factorization 
theorem hold. 
(2) It is similar to the preceding proof. 

□ 

In the preceding theorem, if we take B = A, we obtain Lemma 2.1 from [14]. 

Theorem 4-13. Let B be a Banach left A — module and A has a LBAI (e a ) a C A 

such that e a ^> e" in A** where e" is a left unit for A**. Suppose that Z\,,(B**) = 
B**. Then, B factors on the right with respect to A if and only if e" is a left unit for 

Proof. Assume that B factors on the right with respect to A. Then for every b £ £>, 
there are x £ B and a £ A such that b = ax. Then for every b' £ B*, we have 

(7r £ *(6',e Q ),&> = (b',ir e (e a> b)) = (^**(e a ,b),b') 

= {ir£**(e a ,ax),b') = (TTg**(e a a,x),b') 

= (e a a,^*(x,b')) = (wt*(x,b'),e a a) 

-+W(x,l/),a) = (b',b). 
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It follows that tt£(6', e a ) ^ b' in B* . Let b" G B** and (bp)p C B such that &s ^> 6" 
in B**. Since Z\„(B**) = B** , for every b' e B* , we have the following equality 

{■K* t **(e" ,b"),b') = limlim(6',7r^(e Q ,,6 1 3)) 
= limlim(6', 7T£(e Q , 6^)} = lim(&',& /3 ) 

It follows that 7r|**(e", 6") = 6", and so e" is a left unit for B** . 

Conversely, let e" be a left unit for B** and suppose that b £ B. Thren for every 

b' e B*, we have 

(b',n(e a ,b)) = (n***(e a ,b) 7 b') = (e a ,ir**(b,b')) = (ir** (b,b'),e a ) 

= (e",n**(b,b')) = (n***(e",b),b') = (b',b). 

Then we have TT^(b',e a ) — > b' in B*, and so by Cohen factorization theorem we are 
done. 

□ 

Corollary 4-14. Let B be a Banach left A — module and A has a LBAI (e a ) a C A 

such that e Q ^> e" in A** where e" is a left unit for A**. Suppose that Zl„(B**) = 
B**. Then 7r|(6', e Q ) 4- 6' in B* if and only if e" is a left unit for B** . 

Problem. Let B be a Banach A — bimodule. Then 

i) If B factors, when B* factors? 

ii) If B is separable, dose B necessarily factor on the one side? 



5. Involution * algebra and Arens regularity of module actions 

Definition 5-1. Let B be a Banach left A — module and let (a a ) a C A has weak* 
limit in A**. We say that a a ) a is left regular with respect to B, if for every (bp)p C B, 

«;* — limu>* — lima Q &a = w* — limu>* — lima Q 6a, 

a P a 

where {bp)p has weak* limit in B**. 

The definition of the right regular is similar. For a Banach A — bimodule B, if 
(fla)a Q A is left and right regular with respect to B, we say that {a a ) a is regular 
with respect to B. If (a a ) a is left or right regular with respect to A, we write (a a ) a 
is left or right regular, respectively. 



Example 5-2. 

i) Let B be a right Banach A ~ module and a" 6 A**. Suppose that Z r a ,,{B**) = B** 
and w* — lim a = a" where {a a ) a C A. Then (a a ) a is right regular with respect to B. 
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ii) Let A be a Banach algebra and (a a ) a Q A weak* convergence to some point of 
Zi(A**). Then it is clear that (a a ) a is regular. 



Theorem 5-3. i) Let B be a Banach left (resp. right) A — module and suppose that 
(e a )a C A is a LBAI for B. If (e a ) a C A is left (resp. right) regular with respect to 
B, then B* factors on the left (resp. right). 

ii) Let B be a Banach left (resp. right) A — module and suppose that B** has a left 
(resp. right) unit as A**-module. If B* A (resp. AB*) is closed subspace of B* , then 
B* factors on the left (resp. right). 

Proof. Let e" £ A** and e a ^> e". Assume that (bp)p C B such that b^g ^> 6" in £?**. 
Then 

e"6" = u»* — lime Q 6" = w* — limw* — lime a 6« = u>* — limw* — \\m.e a bR 

a a j3 j3a 

= w* — limbs = b" . 

Thus for every b' £ B* , we have 

(6", 6') = (e"6",6') = ]im(e a b",b') = lim<6", 6'e Q ). 

a a 

It follows that 6'ea — > 6', and so by Cohen factorization theorem, we are done. 

ii) Assume that B* A ^ B* . Let e" £ A** be a left unit element for B** and suppose 

that there is a net {e a ) a C A such that e Q ^> e". By Hahn Banach theorem take 
^ b" £ B** such that (b", B* A) = 0. Then for every b' £ B* , we have 

(6", b') = (e"b",b') = lim(e Q &", b) = lim(&", b'e a ). 

a a 

That is contradiction. Thus B* A = B* . 

Proof of the next part is similar. □ 

Definition 5-4. Let B be a Banach A — bimodule and suppose that A is a Banach 
* — involution algebra. We say that B is a Banach * — involution algebra as A - 
module, if the mapping b — » b* from B into B satisfies in the following conditions 

(ab)* = b*a*, (6a)* = a*b*, (A6)* = A6*, (6*)* = 6 , || 6* ||, 

for all a £ A, b £ B and A £ C. 

Theorem 5-5. Let B be a Banach A — bimodule and suppose that (e Q )o, C 4 is 
a LBAI for £>. Let (e Q ) Q C A be a left regular with respect to £>. If B** is a 
Banach * — involution algebra as A**-module, then B** is unital as A**-module and 
B* factors on the both side. 

Proof. By using Theorem 5-3, B* factors on the left and without loss generally, there 
is a left unit for B** as e" £ A** such that e a ^ e". Let b" £ B**. Then 
b"{e")* = {e"{b")*Y = {(b")*)* = b". 
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Since e" = (e")*, B** is unital. Thus it is similar to Theorem 5-3, B* factors on the 
right. □ 

Corollary 5-6. Let B be a Banach A — bimodule and suppose that (e a ) a C A is a 
BAI for B. Then if B** is a Banach * - involution algebra as A**-module, then B** 
is unital as A**-module and B* factors on the both side. 



Example 5-7. Let G be a locally compact group. Then, on i 1 (G) there is a natural 
involution * defined by f*(x) = A(x~ 1 )f(x~ 1 ), where A is modular function and 
x G G. By preceding theorem if L 1 (G)** is a Banach * — involution algebra, then 
L 1 (G)** is unital with respect to first Arcns product, and so LUC(G) = L°°(G). It 
follows that G is discrete. 



Problem . Let G be a locally compact group. We know that M(G) by n*(f) = 

J f(x~ 1 )dn for all / G Go(G) is ^-involution algebra. When there is extension of it 
into M(G)** where M(G)** equipped first Arens product. 
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